Abstract. This paper aims at providing a self-contained introduction to notions and results connected with the L 2 -approximation power of nitely generated shift-invariant spaces (FSI spaces) S L 2 (R d ). Here, approximation order refers to a scaling parameter and to the usual scaling of the L 2 -projector onto S , where = f 1 : : : n g L 2 (R d ) i s a g i v en set of functions, the so-called generators of S . Special attention is given to the PSI case where the shift-invariant space is generated from the multiinteger translates of just one generator this case is interesting enough due to its possible applications in wavelet methods. The general FSI case is considered subject to a stability condition being satis ed, and the recent results on so-called superfunctions are developed. For the case of a renable system of generators the sum rules for the matrix mask and the zero condition for the mask symbol, as well as invariance properties of the associated subdivision and transfer operator are discussed. References to the literature and further notes are extensively given at the end of each section. In addition to this, the list of references is enlarged in order to give a rather comprehensive o verview on existing literature in the eld.
In this paper we give a n o verview on recent results concerning the L 2 -approximation power of so-called shift-invariant subspaces of L 2 (IR d ) : We are going to consider only speci c shift-invariant spaces, namely principal shiftinvariant (PSI) spaces S , generated by the multi-integer translates of just one single function 2 L 2 (IR d ), and more generally nitely generated shiftinvariant (FSI) spaces S with a nite set = f 1 : : : n g L 2 (IR d ) o f generators. This leads to the following notion of approximation order: Let P : L 2 (IR d ) ! S be the L 2 -projector onto the shift invariant space, and let P h be its scaled version, i.e., P h (f) : = fP (f h )g( h ) with f h (x) : = f(h x), for the scale parameter 0 < h 2 IR. Then S is said to have L 2 -approximation order 0 < m 2 It is this notion of approximation order which w e will be going to refer to.
One essential concern of this paper is to give a self-contained summary of the subject, where the PSI-case and the FSI-case are developed independently. This concept aims at simplifying the approach to the paper for readers being only interested in the PSI case. At this time, this circle of readers is certainly the bigger part in the community of people interested in the approximation theoretically aspects of wavelets and other related multiresolution methods. Further, we are able to point out the close connections and the basic ideas of the generalization to the FSI case. The main results will be worked out in a form which is perhaps not always most general, but hopefully highly readable, and they can be understood without going back to the original literature. The interested reader, however, will nd remarks and extensions at the end of each c hapter, including explicit references to the original literature. The bibliography of this survey paper is intended to be even more comprehensive however, we a r e a ware of the fact of being selective, and we feel unable to compile a list of all papers who have contributed to this eld. While we are going to deal with L 2 -projectors as approximation methods in this paper only, the reference list gives also information on a bunch of papers treating other linear approximation processes which are quasi-optimal, i.e., having the same approximation power as the L 2 -projectors.
The paper is organized as follows. It consists of two subsequent c hapters where the rst one deals with general shift-invariant spaces, and the second 2 K. Jetter and G. Plonka one gives more details for the case where the system of generators is re nable. Both chapters are of course in uenced by some basic material from the list of references: Chapter 2 could not have been written this way without recourse to the fundamental work of de Boor, DeVore and Ron, and Chapter 3 uses Jia's important contributions frequently. We think, though, that here and there we could add our own point of looking at the eld, and we w ould like to stress that at least the results for the FSI case in Chapter 3 are new.
Concerning the details of the paper a rst orient a t i o n i s p r o vided by the headings of the subsequent sections. We refrain from repeating this. Notions and notations will be given during the text at adequate places. We should only point to the fact that we always refer to usual multi-index notation: A multiindex is a d-tuple = ( Some preliminary notations follow. Given f g 2 L 2 (IR d ), their scalar product can be expressed as and that the Gramian has the spectral decomposition Proof: From Theorem 2.2.14 and (2.2.3) we nd that P P sinc = P P sinc . Writing f ; P (f) = f ; P (f) + P (f) ; P P sinc (f) + P P sinc (f) ; P (f) L 2 -Approximation Orders 9 we see that (since P (f) 2 S )
The theorem now follows from Lemma 2.3.2.
A function 2 S having the property that S has the same approximation power as the larger space S , is called a superfunction in the FSI space. Finding a superfunction with speci c properties is the general background of so-called superfunction theory. One such property i s being compactly supported whenever is. This question will be addressed later. Proof: With f = f 1 + f 2 , where f 1 = f^ C is the orthogonal projection of f onto S sinc , w e h a ve The theorem now follows from Theorem 2. This order relation can be expressed in another equivalent w ay, viz. from (2.3.9) we see that it is equivalent to requiring that It is now the idea to mimic the behavior of 2.4.4. The construction of the L 2 -projector in the stable PSI case is straightforward, and the orthogonalization process 2.2.4 has been used, e.g., in the construction of orthonormal spline wavelets (with in nite support, but exponentially decaying at in nity) by Battle 2.4.5. Section 2.3 closely follows the ideas and methods in 8], with some slight modi cations and also easier arguments due to the fact that we i n volve the assumption on stability. Concerning the more general (unstable) case, we refer to the Remark stated in that paper after the proof of Theorem 2.2. 3.1.9. The PSI case. Here, re nability already implies that S has some approximation power. 3.2. The zero condition on the mask symbol.
The Strang-Fix conditions can be expressed as a zero condition on the mask symbol. This condition is su cient for the PSI space S having approximation power. The condition is also necessary in the stable case, and even under a weaker assumption than stability. In order to see (ii) with the weaker assumptions, it should be emphasized that Remark 2.3.4 holds true in a neighborhood of the origin as long as the Gramian is regular there. In this way, also the construction of the superfunction in 2.3.13 can be performed in this neighborhood. Proof: Condition (i) is equivalent to the fact that the vector (b e ) e2E is orthogonal to all columns of the Fourier matrix except the rst one, and this property is equivalent to the vector being a multiple of the rst column.
In the PSI case this can be applied to the scalar-valued mask symbol H in the following way: Given any algebraic polynomial q and the corresponding di erential operator q(iD), then for any algebraic polynomial q of degree less than m.
In particular, we observe that for satisfying In this subsection we consider two linear operators which come with the renement m a s k P in (3.1.1). These operators have been shown to be excellent tools for the characterization of re nable function vectors.
For a given (complex) mask P = ( P ) 2Z Z d of (n n)-matrices, the subdivision operator S P is the linear operator on the sequence space X = ;`( ZZ d ) it is easy to see that the adjoint operator S P de ned by < S P c j d >= < c j S P d > is given by S P d = ; T P (d~) ~ (3:4:6) with d~ := d ; denoting the re ection of a sequence. From this it is clear that, considered as operators on X = ;`2 (ZZ d ) n , the spectra X (S P ) and X (T P ) are connected to each other through complex conjugation, i.e., X (T P ) = X (S P ) :
The situation is a little more involved if we l o o k a t e i g e n values of the operators. Here it is opportune to consider (3. It is not too hard to see that this is equivalent to condition (Z m ).
As a corollary of this theorem we h a ve 3.5.7. While the notion of subdivision operator S P (for general dilation matrices) has been coined by C a varetta, Dahmen and Micchelli 16] , the setup for the transfer or transition operator is often changed in the literature. We prefer here to say that T P is (essentially, i.e., modulo re ection) the adjoint of S P . I n t h i s w ay, Theorem 3.4.12 dealing with the PSI case is identical with 48, Theorem 5.2]. As far as the FSI case is considered, however, our results are new.
It should be noted that for the PSI case and M = 2 I, t h e i n variance of P m;1 under the subdivision operator S p is equivalent to the property that polynomials of order less than m can be reproduced from multi-integer translates of . A result along these lines is already contained in 16]. For M = 2 I, Shen 94, Theorem 3.8] has shown that the stability o f S is equivalent to the following condition: The operatorT^has spectral radius 1, with 1 being a simple eigenvalue and all other eigenvalues lying strictly inside the unit circle moreover, the eigenmatrix ofT P^c orresponding to the eigenvalue 1 is nonsingular on the d-dimensional torus. We conjecture that this equivalence is also true for arbitrary dilation matrices. 
